Abstract. By using a certain operator S n , we introduce a class of holomorphic functions S n (β), and obtain some subordination results. We also show that the set S n (β) is convex and obtain some new differential subordinations related to certain integral operators.
Introduction and preliminaries
Denote by U the unit disc of the complex plane : U = {z ∈ C : |z| < 1}.
Let H(U ) be the space of holomorphic functions in U and let A n = {f ∈ H(U ) : f (z) = z + a n+1 z n+1 + · · · , z ∈ U } with A 1 = A. For a ∈ C and n ∈ N, let H[a, n] = {f ∈ H(U ) : f (z) = a + a n z n + a n+1 z n+1 + · · · , z ∈ U }.
denote the class of normalized convex functions in U . A function f , analytic in U , is said to be convex if it is univalent and f (U ) is convex.
If f and g are analytic functions in U , then we say that f is subordinate to g, written f ≺ g, if there is a function w analytic in U , with
Let ψ : C 3 × U → C be a function and let h be univalent in U . If p is analytic in U and satisfies the (second-order) differential subordination
then p is called a solution of the differential subordination. The univalent function q is called a dominant of the solution of the differential subordination, or more simply a dominant, if p ≺ q for all p satisfying (i).
A dominant q, which satisfies q ≺ q for all dominants q of (i) is said to be the best dominant of (i). (Note that the best dominant is unique up to a rotation of U ). In order to prove the original results we use the following lemmas.
Let h be a convex function, with h(0) = a and let γ ∈ C * be a complex number with Re γ ≥ 0. If p ∈ H[a, n] and
Function q is convex in U and is the best dominant.
Lemma 1.2. [1]
Let Re r > 0 and let
Let h be an analytic function in U with h(0) = 1 and suppose that
is analytic in U and
, where q is a solution of the differential equation
given by
Moreover q is the best dominant.
If 0 ≤ β < 1 and n ∈ N, we let S n (β) stand for the class of functions f ∈ A, which satisfy the inequality
Main results
We start this section with the following theorem.
Proof. Let the function
be in the class S n (β). It is sufficient to show that the function
with µ 1 and µ 2 nonnegative and µ 1 + µ 2 = 1 is in S n (β). Since
Since f 1 , f 2 ∈ S n (β), we obtain
Using (2.3) in (2.2), we obtain
and since µ 1 + µ 2 = 1, we deduce
Theorem 2.2. Let q be a convex function in U , with q(0) = 1, and let
where c is a complex number, with Re c > −2.
If f ∈ S n (β) and F = I c (f ), where
and this result is sharp.
Proof. From (2.4), we deduce
Differentiating (2.6), with respect to z, we obtain
Differentiating (2.7), we get
Using (2.8), the differential subordination (2.5) becomes
Using (2.10) in (2.9), we have
and q is the best dominant.
Example 2.3. If we take c = 1 + i and q(z)
and from Theorem ,we deduce that if f ∈ S n (β) and F is given by
Differentiating (2.12) with respect to z, we obtain
Differentiating (2.13) we have
and we deduce
where F is given by (2.11).
Theorem 2.4. Let Re c > −2 and let ω = 1 + |c + 2| 2 − |c 2 + 4c + 3| 4Re (c + 2) (2.14)
If f ∈ S n (β) and F = I c (f ), where F is defined by (2.4), then
where q is the solution of the differential equation
Proof. In order to prove Theorem 2.4 we will use Lemma 1.2. The value of ω is given by (2.14). From (2.10) we have
Using Lemma 1.2, we deduce k = 1. Using (2.8) and (2.10), the differential subordination (2.15) becomes Moreover it is the best dominant.
Remark 2.5. If we put h(z) = 1 + (2β − 1)z 1 + z in Theorem 2.4, we obtain the following interesting result.
